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• The first numbers which people understood were the natural numbers, which are the
numbers 1, 2, 3, and so on. The symbol for the set of natural numbers is N, and so
N = {1, 2, 3, . . . }. Suppose for a minute that you’re a primitive person and know only
of these numbers, and the only thing you can do with these numbers is add. If you have 3
sheep and acquire 2 more sheep, quite naturally you have 3+2=5 sheep.

This leads to basic Algebra. If you have 4 apples and want a total of 6 apples, how many
apples do you need? In other words, what is the solution to 4 + a = 6? You need 2 more
apples, so a = 2. But then you can ponder the following: if you have 5 goats and want a
total of 5 goats, how many more goats do you need (that is, the solution to 5 + g = 5).

Wait! There is no such number. If you add two numbers, their sum is greater than either
of the individual numbers. You can’t take 5+something and get back 5 itself. Preposterous.
• The above statements are true for natural numbers, but not for numbers in general. In
fact, there is a number which solves 5 + g = 5. That number is 0. However, 0 is not a
natural number. It’s an element of what we call the whole numbers, which is written W, so
W = {0, 1, 2, 3, . . . }.

So what happened? We had a very nice set of numbers which work very well with
addition. But then we got to pondering, and we had to invent/discover a new number. This
happens very often in Math.

Also, it’s worth mentioning that W contains N. This can be written W ⊇ N (which is
read “W is a superset of N”), or N ⊆W (which is read “N is a subset of W”).
• Back to the solving equations, you can ponder further: if you have 8 cattle, how many
more cattle do you need to have a total of 6 cattle? Or what is the solution to 8 + c = 6?

Now that doesn’t make any sense. If you start with cattle, by adding cattle you can’t
possibly end with fewer cattle. That is, by adding two numbers, their sum can’t be less than
either of the starting numbers.

Well, in fact, this can’t happen with natural numbers (or whole numbers). But it can hap-
pen with what we call the integers. The integers are written Z = {. . . ,−2,−1, 0, 1, 2, . . . }.
Essentially we’re taking the whole numbers but throwing in certain negative numbers. Oh,
and if you’re curious why we use z for integers, it’s from the German word Zahlen, which
means numbers.

And it happened again! We had a nice system–natural numbers with addition–but go to
pondering, and our current system didn’t do the job.

Also, like before, Z contains W (and hence N). So you can write Z ⊇ W ⊇ N, or
N ⊆W ⊆ Z.
• The above topics are related to what’s called closure. You say a set is closed under an
operation if, basically, you can’t step out of the set with the operation. For example, the
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natural numbers are closed under addition. Take any 2 natural numbers, like 4 and 11, add
them, and the result is still a natural number. But {0, 1, 2, 3, 4} is not closed under addition,
because 2 and 3 are both in the set, but 2+3=5, and 5 is not in the set. Likewise, the natural
numbers are not closed under subtraction, because 6 and 8 are natural numbers, but 6 − 8
is not a natural numbers.
• This process continues. Another natural thing to do with natural numbers is multiplication.
If you have 3 rows of 4 pear trees, how many pear trees do you have? You have 3 · 4 = 12
pear trees. Suppose you want 25 pear trees split evenly amongst 4 rows: how many trees
should each row have? Or what is the solution to 4 · t = 25? 6 trees per row would give 24,
7 trees per row would give 28. It’s impossible!

Well, it is indeed impossible for natural numbers (or even whole numbers or integers).
But then we can discover/invent rational numbers, the set of fractions, written Q (why
q? Quotient. Recall “the quotient of a and b” is a ÷ b). One thing that’s important to
understand about the set of rational numbers is that numbers like 2 and 0 and -3 can be
viewed of as fractions. In particular, 2/1=2, 0/1=0, and -3/1=-3. So Q contains N, W, and
Z.

Using our notation from before, Q ⊇ Z ⊇W ⊇ N, or N ⊆W ⊆ Z ⊆ Q.
• Now suppose you’re considering area. The area of a square is A = s2, where s is the side
length. If you want a square of area 4 square inches, you need to solve 4 = s2. In fact, s = 2
inches works (-2 is also a solution, but thinking of -2 as a side length is kind of weird). If
you want a square of area 2 square inches, you need to solve 2 = s2.

But there’s no such number! There’s no such rational number, anyway. That is, there is
no nice fraction that, when you square it, yields 2. And thus we discover/invent a new set of
numbers, the real numbers, written R (getting all the real numbers is a bit trickier, but this
is the basic idea). Another way to write the real numbers is (−∞,∞). So pick any old number
between −∞ and ∞, and that’s a real number. 0, 1,

√
2, π, −4/3, 0.101001000100001...,

9001, a dozen, a googol, a googolplex, a googolplexion.
Using above notation, R ⊇ Q ⊇ Z ⊇W ⊇ N, or N ⊆W ⊆ Z ⊆ Q ⊆ R.
And why do we use the word “real”? I have no idea. −

√
2 doesn’t seem very real to me.

To be honest, even nice numbers like 1/2, 0, or even 3 don’t seem very real to me. I can
imagine them, but I’ve never felt a 3. Numbers simply aren’t tangible: you can’t put your
hands on them. They’re about as real as justice or philosophy.
• Let’s look at another equation. In particular, suppose you want to square a number and
get -1, or solve x2 = −1. You can try some numbers. 12 = 1 · 1 = 1, and (−1)2 = −1· = −1
too. It appears there is no number. Indeed, there is no real number which does the job. Yet
again we discover/invent a new number: i. We call i an imaginary number, and it does the
job we want, namely i2 = −1.

We use the symbol C (c for complex) for the set of real numbers + imaginary numbers.
So R ⊆ C.

Ironically, i is not really imaginary, using the English definition of the word. Something is
imaginary if it exists only in the imagination, like unicorns and dragons. While it’s possible
to imagine things like 1 and 2 and 0 (as nothing) and 1/2 (as a portions) and

√
2 (as a side

length) and -3 (as taking away), it’s hard to imagine what i might be.
For some reason, speaking from my own personal experience, people often accept negative

numbers with no problem, but balk at the notion of complex numbers. If I have -4 fish and

2



you give me 1 fish, I have -3 fish. Imaginary numbers are as real as justice or philosophy.

3



Questions

1. Which sets of numbers are introduced in this paper (hint: there are 6)?

2. What are the symbols for them?

3. Which of the sets are closed under addition?

4. Which of the sets are closed under subtraction?

5. Which of the sets are closed under multiplication?

6. Which of the sets are closed under division?

7. What’s the difference between one set being a subset of another, and one being a
superset of another?

8. Which of the 6 sets are subsets of which others (for example, N ⊆W)?

9. Which of the 6 sets are supersets of which others (for example, W ⊇ N)?

10. Which of the sets contain 2?

11. Which of the sets contain 1/2?

12. Which of the sets contain 0?

13. Which of the sets contain -2?

14. Which of the sets contain i?

15. Which of the sets contain
√

3?
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